
1  Introduction

1.1  Background

The mathematical representation of physical entities

Three of the more important mathematical systems for representing the entities of contemporary 

engineering and physical science are the (three-dimensional) vector algebra, the more general 

tensor algebra, and geometric algebra. Grassmann algebra is more general than vector algebra, 

overlaps aspects of the tensor algebra, and underpins geometric algebra. It predates all three. In this 

book we will show that it is only via Grassmann algebra that many of the geometric and physical 

entities commonly used in the engineering and physical sciences may be represented 

mathematically in a way which correctly models their pertinent properties and leads 

straightforwardly to principal results. 

As a case in point we may take the concept of force. It is well known that a force is not 

satisfactorily represented by a (free) vector, yet contemporary practice is still to use a (free) vector 

calculus for this task. The deficiency may be made up for by verbal appendages to the 

mathematical statements: for example ‘where the force f acts along the line through the point P’. 

Such verbal appendages, being necessary, and yet not part of the calculus being used, indicate that 

the calculus itself is not adequate to model force satisfactorily. In practice this inadequacy is coped 

with in terms of a (free) vector calculus by the introduction of the concept of moment. The 

conditions of equilibrium of a rigid body include a condition on the sum of the moments of the 

forces about any point. The justification for this condition is not well treated in contemporary texts. 

It will be shown later however that by representing a force correctly in terms of an element of the 

Grassmann algebra, both force-vector and moment conditions for the equilibrium of a rigid body 

may be united in one condition, a natural consequence of the algebraic processes alone.

Since the application of Grassmann algebra to mechanics was known during the nineteenth century 

one might wonder why, with the ‘progress of science’, it is not currently used. Indeed the same 

question might be asked with respect to its application in many other fields. To attempt to answer 

these questions, a brief biography of Grassmann is included as an appendix. In brief, the scientific 

world was probably not ready in the nineteenth century for the new ideas that Grassmann 

proposed, and now, in the twenty-first century, seems only just becoming aware of their potential.
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The central concept of the Ausdehnungslehre

Grassmann’s principal contribution to the physical sciences was his discovery of a natural 

language of geometry from which he derived a geometric calculus of significant power. For a 

mathematical representation of a physical phenomenon to be ‘correct’ it must be of a tensorial 

nature and since many ‘physical’ tensors have direct geometric counterparts, a calculus applicable 

to geometry may be expected to find application in the physical sciences.

The word ‘Ausdehnungslehre’ is most commonly translated as ‘theory of extension’, the 

fundamental product operation of the theory then becoming known as the exterior product. The 

notion of extension has its roots in the interpretation of the algebra in geometric terms: an element 

of the algebra may be ‘extended’ to form a higher order element by its (exterior) product with 

another, in the way that a point may be extended to a line, or a line to a plane, by a point exterior to 

it. The notion of exteriorness is equivalent algebraically to that of linear independence. If the 

exterior product of elements of grade 1 (for example, points or vectors) is non-zero, then they are 

independent.

A line may be defined by the exterior product of any two distinct points on it. Similarly, a plane 

may be defined by the exterior product of any three distinct points in it, and so on for higher 

dimensions. This independence with respect to the specific points chosen is an important and 

fundamental property of the exterior product. Each time a higher dimensional object is required it 

is simply created out of a lower dimensional one by multiplying by a new element in a new 

dimension. Intersections of elements are also obtainable as products.

Simple elements of the Grassmann algebra may be interpreted as defining subspaces of a linear 

space. The exterior product then becomes the operation for building higher dimensional subspaces 

(higher order elements) from a set of lower dimensional independent subspaces. A second product 

operation called the regressive product may then be defined for determining the common lower 

dimensional subspaces of a set of higher dimensional non-independent subspaces.

Comparison with the vector and tensor algebras

The Grassmann algebra is a tensorial algebra, that is, it concerns itself with the types of 

mathematical entities and operations necessary to describe physical quantities in an invariant 

manner. In fact, it has much in common with the algebra of anti-symmetric tensors – the exterior 

product being equivalent to the anti-symmetric tensor product. Nevertheless, there are conceptual 

and notational differences which make the Grassmann algebra richer and easier to use.

Rather than a sub-algebra of the tensor algebra, it is perhaps more meaningful to view the 

Grassmann algebra as a super-algebra of the three-dimensional vector algebra since both 

commonly use invariant (coordinate-free) notations. The principal differences are that the 

Grassmann algebra has a dual axiomatic structure, can treat higher order elements than vectors, can 
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differentiate between points and vectors, generalizes the notion of ‘cross product’, is independent 

of dimension, and possesses the structure of a true algebra.

Algebraicizing the notion of linear dependence

Another way of viewing Grassmann algebra is as linear or vector algebra onto which has been 

introduced a product operation which algebraicizes the notion of linear dependence. This product 

operation is called the exterior product and is symbolized with a wedge ⋀.

If vectors x1, x2, x3, … are linearly dependent, then it turns out that their exterior product is zero: 

x1 ⋀ x2 ⋀ x3 ⋀… = 0. If they are independent, their exterior product is non-zero.

Conversely, if the exterior product of vectors x1, x2, x3, … is zero, then the vectors are linearly 

dependent. Thus the exterior product brings the critical notion of linear dependence into the realm 

of direct algebraic manipulation.

Although this might appear to be a relatively minor addition to linear algebra, we expect to 

demonstrate in this book that nothing could be further from the truth: the consequences of being 

able to model linear dependence with a product operation are far reaching, both in facilitating an 

understanding of current results, and in the generation of new results for many of the algebras and 

their entities used in science and engineering today. These include of course linear and multilinear 

algebra, but also vector and tensor algebra, screw algebra, hypercomplex algebras, and Clifford 

algebras.

Grassmann algebra as a geometric calculus

Most importantly however, Grassmann’s contribution has enabled the operations and entities of all 

of these algebras to be interpretable geometrically, thus enabling us to bring to bear the power of 

geometric visualization and intuition into our algebraic manipulations.

It is well known that a vector x1 may be interpreted geometrically as representing a direction in 

space. If the space has a metric, then the magnitude of x1 is interpreted as its length. The 

introduction of the exterior product enables us to extend the entities of the space to higher 

dimensions. The exterior product of two vectors x1⋀x2, called a bivector, may be visualized as the 

two-dimensional analogue of a direction, that is, a planar direction. Neither vectors nor bivectors 

are interpreted as being located anywhere since they do not possess sufficient information to 

specify independently both a direction and a position. If the space has a metric, then the magnitude 

of x1⋀x2 is interpreted as its area, and similarly for higher order products.

We depict a simple bivector by its vector factors arranged head-to-tail linked by the ghost of a 

parallelogram.
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x1

x2

x1⋀x2

Depicting a simple bivector. This bivector is located nowhere.

For applications to the physical world, however, the Grassmann algebra possesses a critical 

capability that no other algebra possesses so directly: it can distinguish between points and vectors 

and treat them as separate entities. Lines and planes are examples of higher order constructs from 

points and vectors, which have both position and direction.  A line can be represented by the 

exterior product of any two points on it, or by any point on it and a vector parallel to it.

Point⋀vector depiction Point⋀point depiction
Two different depictions of a bound vector in its line.

A plane can be represented by the exterior product of any point on it and a bivector parallel to it, 

any two points on it and a vector parallel to it, or any three points on it.

Point⋀vector⋀vector Point⋀point⋀vector Point⋀point⋀point
Three different depictions of a bound bivector.

Finally, it should be noted that the Grassmann algebra subsumes all of real algebra, the exterior 

product reducing in this case to the usual product operation among real numbers.

Here then is a geometric calculus par excellence.
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1.2  The Exterior Product

1.3  The Regressive Product

1.4  Geometric Interpretations

1.5  The Complement

1.6  The Interior Product

1.7  Summary
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